Chiral fermions in a spacetime with multiple warping 
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the boundaries have coordinate dependent brane tensions in order to implement the orbifolded 
boundary conditions consistently. Such brane tension is shown to be equivalent to a scalar field 



O 

^S| ■ distribution on the brane |lj]. We show that in such a scenario a masslesss left chiral fermion on 



the 4-brane localizes naturally on the standard model 3-brane located at one edge of the compact 
manifold while the massless right chiral fermion wave function as well as the wave functions for the 
massive fermion modes peak away from this brane. This offers a mechanism of obtaining massless 
chiral fermion with only one of its chiral component present in our brane. 
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I. INTRODUCTION 

Warped extra dimensional models have been studied extensively during the last few 
years ever since Randall and Sundrum proposed the two-brane model to resolve the gauge 
hierarchy problem in the standard model of elementary particles |2|. It has been shown by 
many that the warped geometries have additional consequences iriparticle phenomenology 
and cosmology over and above the hierarchy issue |3|, y, |5|, la, [Zl, |8|, |9|, [lO|]. Also in recent 
times several extensions of the RS model have been proposed with more than one extra 



dimension ll|. Most of these models consider several independent S1/Z2 orbifolds along 
with a four dimensional Minkowski space-time 11 1 . 



Recently, Choudhury and SenGupta have proposed an alternative scenario [l| where the 
warped compact dimensions get further warped by a series of successive warping leading to 
multiply warped spacetime with various p-branes sitting at the different orbifold fixed points 
satisfying appropriate boundary conditions. In this scenario the lower dimensional branes 
including the standard model 3-brane exist at the intersection edges of the higher dimensional 
branes. The resulting geometry of the multiply warped D dimensional spacetime is given by 
. jvf 1-^-1 -^ {[Afi'3 X 57^2] X 57^2} X ■ ■ ■ , with {D - 4) such warped directions. It has 
been argued that this multiply warped spacetime gives rise to interesting phenomenology 
and offers a possible explanation of the small mass splitting among the standard model 
fermions |l|. One of the interesting characteristics of such a model is the bulk coordinate 
dependence of the higher dimensional brane tensions. Such a coordinate dependent brane 
tension is shown to be equivalent to a scalar field distribution on the higher dimensional brane 
which constitute the bulk for the 3-branes located at the intersection edges of these higher 
dimensional brane [l|. While such a scalar field distribution may have several interesting 
phenomenological significance for the TeV brane Physics, in this work we aim to study the 
localization issue of the standard model fermions on the visible brane, in particular the 
occurrence of massless chiral modes of fermions. In the context of the original RS two-brane 
model it has been shown that fermion localization does take place on the TeV brane and 



the standard model fermions are confined on the negative tension brane 12|. For Randall 



Sundrum single brane model however one assumes the existence of a bulk scalar field which 



couples with the bulk fermions 13|. For an appropriate choice for this coupling, one finds 
that the fermion wave function can be localized on the TeV/standard model brane. 



For a six dimensional multiply warped spacetime a scalar field distribution however exists 
naturally in the form of a coordinate dependent brane tension at the two walls ( 4-branes ). 
This emerges naturally from the requirement of the orbifolded boundary conditions along the 
two compact directions [1]. In this work we first assume that a 6-dimensional bulk fermion 



is localized on the 4-brane ( i.e the 5D wall) because of the mechanism described in [12|. For 
such five dimensional fermions however no chirality can be defined. These five dimensional 
fermions can now be further localized on our TeV brane through the naturally occurring 
coordinate dependent brane tension which is equivalent to a scalar field distribution on 
the 4-brane. Furthermore for appropriate choice of the coupling parameter between the 
5-dimensional fermions and the scalar field distribution only the left chiral mode of the 
fermion can be localized on our TeV brane while the right handed mode gets more and more 



localized towards the other 3-brane lying at the other edge of the wall IJ]. Furthermore the 
massive Kaluza-Klein (KK) modes of the fermion wave functions also tend to peak away 
from the standard model 3-brane. This phenomena thus offers a natural explanation of the 
origin of chiral massless fermion mode with only one chiral component in our 3-brane. 

The paper is organized as follows. In section II, we discuss about the multiple warped 
model briefly. Then in section III we focus on the bulk fermions residing on the 4-branes. We 
examine the localization properties on the standard model 3-brane for the massless modes 
as well as the massive KK modes originated from the compactification in section IV and V 
respectively. 

II. THE MODEL 

We consider the simplest model of a (5-1-1) dimensional anti de-Sitter bulk where both 
the extra dimensions are compactified in succession on circles with Z^ orbifoldings. In this 
set up the solution of the Einstein equation gives rise to a doubly warped spacetime [ll] given 
by the following metric, 

ds^ = }?{z)\a^{y)T]^^dx^dx'' + i^Jrfy^] + rldz"^ (2.1) 

where the non-compact directions are expressed by a;^ (yU = 0, 3) and the orbifolded compact 
directions are denoted by the angular coordinates y and z respectively with Ry and r^ as 
respective moduli. Since orbifolding, in general, requires a localized concentration of energy, 



four 4-branes (4 + 1 dimensional objects) are introduced at the orbifold fixed "points", 
namely y = 0, tt and z = 0,tt. The total bulk-brane action is given by 

S = jd'x dy dz [v/^ (i?6 - A) + v/=^ [Vi 5{y) + V^ 5{y - tt)]] (2.2) 

+ j d^x dy dz [v^ [Vs 6{z) + V^ 6{z - vr)] + ^/^^^s[C - V] 

where the brane potential terms are, in general, V^i^2 = ^1,2 (^) whereas V^^^ = V^^^^y). The 
corresponding 3-branes are located at {y,z) = (0, 0), (0, tt), (tt, 0), (tt, tt). From the above 
action along with the boundary conditions the exact solution for the bulk metric can be 
written explicitly in the following form, 

ds' = ^^^J^^ [exp (-2 c \y\) v,, dx^ dx'' + R^ dy'] + r^ dz' (2.3) 



where k = r, -1/777773- and c 



lOlF "^ ^ ^ r^ cosh(fc7r) ' i-. 

The above solution with doubly orbifolded boundary conditions [l| results in a box-like 
picture of the bulk, where the walls of the box are (4 + l)-dimensional branes. Four (3 + 1) 
dimensional branes are formed at the four edges of the intersecting 4-branes. Our standard 
model 3-brane is identified with one of the four edges ( at y = vr, 2 = ) by requiring the 
desired TeV scale while the Planck scale brane resides at another edge. The other two edges 
correspond to two more 3 + 1 dimensional branes with the intermediate energy scales lying 
very close to TeV for one brane and close to Planck scale for the other. This feature results 
from a hierarchially different warping in the two compact directions. While warping in one 
direction is large, the other is necessarily small [1|]. 

As discussed earlier that an important feature, relevant for this work in the multiply 
warped scenario is that the Z2 orbifoldings gives rise to coordinate-dependent brane tensions 
on two 4-branes which are equivalent to a scalar field distribution on the respective branes. 
Note that in this scenario the coordinate dependent brane tension effectively plays the role 
of a bulk scalar field which we need not to put in by hand but appears naturally from the 
requirement of orbifolded boundary conditions along the two internal compact directions. 
The (4+1) dimensional branes sitting at y = and y = it have the following brane tensions. 



V,{z)\y=o = 8M'J^ sech{kz) = Vq sech{k z) = -V2{z)\y=^ (2.4) 

As the standard model Tev 3-brane is located aX y = it, z = Owe are therefore particularly 
interested in studying the localization of the bulk fermions which are residing on the 4-branes 



located at y = vr. Note that the 4-brane now defines the bulk for the 3-branes located at 
(y, z) = (tt, 0) and (tt, tt). It is expected that the coordinate dependent brane tension V2{z) 
will play an important role in the behavior of the bulk fermions for an appropriate coupling 
between them. 

III. FERMION LOCALIZATION 

While addressing the issue of fermion localization in a single brane RS model, it was 
found that one needs to introduce a bulk scalar field to localize fermions on the brane where 
gravity is localized [l6|, llTJ • On the contrary in a RS 2-brane model it has been explicitly 



shown in [1^ that the exponential warp factor leading to scale hierarchy between the two 
branes causes the 5D fermions to get localized naturally on the negative tension brane i.e 
on the TeV brane. Here in the six dimensional model, the warp factor along the y direction 
is given by the usual RS warp factor e"^''. Thus a large warping takes place between the 
two 4-branes located at y = and y = n leading to the localization of a six dimensional 
)ulk fermion on the 4-brane located at y = tt which has a negative tension ( just as found in 
12l|). However in this case the brane tension being ^-coordinate dependent (equivalent to a 
scalar field distribution), we examine the role of such brane tension in localizing the fermion 
further on the TeV 3-brane ( located aX z = and y = n) for the two different chiral states. 
The metric of the 4+1 dimensional brane at y = vr is given by 

rfs^ = B^{z)[ri^^dx>'dx''] + dz^ = Bl cosh^{kz)[T]^^dx^dx''] + rldz^ (3.1) 

where, B.,^ = ^ffeS^- The Lagrangian for the Dirac fermions in five- dimensional space-time 
is given by 



V^^J^Dirac = V^^i^^^'Da^/j + vW2iz)^P) (3.2) 

where g^ = det{gab) is the determinant of the five dimensional metric and rj measures the 
strength of the coupling between the fermion and the brane tension. The 4-brane tension 
V2{z) has been rescaled by M to achieve correct dimensionality. The curved space gamma 
matrices are represented by F" = ( ■^h)'J^, —i'j^ ) where j^, 7^ represent four dimensional 
gamma metrices in chiral representation. The Clifford algebra {r°, F^} = 2g"'^ is obeyed by 
curved gamma metrices. The covariant derivative can be calculated, using the metric and 



is given by, 



D,^ 



D, 



d, + -T,T'B\z) 



(3.3) 
(3.4) 



For the above mentioned set up the Dirac Lagrangian turns out to be 

= B\z) i) 



^/—gb^Di 



^ i^^d, + ^'(d^ + 2^'^'^ 



Biz 



Biz) 



+ riV2[z) 



^ 



(3.5) 



Now, the five- dimensional spinor can be decomposed as ip{x^,z) = ip{x^)C,{z), where 
il){x^) is the projection of the 5-dimensional spinor on the 3-brane. In the massless case, 
we can have definite chiral states viz. iPl{x^) and iPr{x^) which correspond to left and 
right chiral states in four dimension. The ipL and ipR are given by, 'ipL,R = |(1 T 1^)4^ ■ 
Here E denote the extra dimensional component of the fermion wave function. We then can 

n 

decompose five-dimensional spinor in the following way [15l |. 



V'(a;^ z) = M^'')iL{z) + ijR{x^')iR{z) 



(3.6) 



Substituting the above decomposition in the Dirac Lagrangian we obtain the equations for 
the fermions as, 

B'iz) 



Biz) 
Biz) 



d, + 2 



Biz) 



vV2iz) 



B'iz) 



^dz) = m^Riz) 
^aiz) = -m^hiz) 



(3.7) 
(3.8) 



Here we have considered that the four dimensional fermions obey the standard equation of 
motion, i'^^d^j^ipL^R = mipR^i which in turn implies that the above equations will be obtained 
provided the following normalization conditions are satisfied: 



B'iz) H^iz) CL,Riz)dz = 5„ 



B'iz) itiz) CR{z)dz 







(3.9) 
(3.10) 



We find it to be interesting to study the localization scenario of both the massless and the 
massive modes of chiral fermions. After getting the exact solutions of the different modes 
we discuss about their phemenological implications. 



IV. MASSLESS MODES 



We now consider equations (13. 7p and (13.81) for two different cases namely for zero and 
non-zero coupling between the bulk fermion and coordinate dependent brane tension. 



A. Coupling constant, r] = 



The equations of motion for left and chiral modes become 



[d, + 2kta.nh{kz)]^LA^) = 



(4.1) 



The solutions of the above equations are 



^L,R = Nl,r sech^(fcz) 



(4.2) 



where Nl^r 



is the normalization constant, found easily from the 



2 S3 tan-ltanh(if^)_ 

normalization conditions in (13.91) . Both C,l,r are peaked at 2; = 0, exhibiting the tendency 
of localization around the 3-brane located at (vr, 0) i.e. on our Standard Model brane 
irrespective of their chiral states. However it is apparent from the Figure i^ that the 
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FIG. 1: Zeromodes are plotted with k = c = 0.1. Both the left and right chiral modes are peaked 
at z = 



fermion zero modes are not very sharply peaked at the SM brane and have a considerable 
extension along the extra dimension z. Therefore they are not strictly confined on the Tev 
brane. We shall now see a drastic change in the behavior of the wave function if we switch 
on the coupling rj. 



B. Coupling constant, f] y^ 



Equations for the left and right chiral modes are given by 



[d^ + 2k 
. [d, + 2k 



'.l{z) = 



tanh(A;2;) + rjVo sech(A;z)] ^^ 
tanh(fcz) — rjVo sech(fc2;)] C,r{z) = 



The solution for the left chiral mode is 

C-l(-2) = Nl sech.'^ (kz) exp 



-^tan-(tanh(^))^ 



(4.3) 
(4.4) 

(4.5) 



where N^ 



2riVo 



Figure ([2]) shows how the behavior of the left 



B3(i_ exp[-±^tan-i(tanh(^))])' 

chiral mode varies with increasing values of rj. We find that the these modes become more 
and more sharply peaked at the brane at z = as the coupling r] gets stronger. It may be 
noted that the maximum value of the function, ^™'*'^', increases with rj while the position 
of the maximum always remains fixed at 2; = 0. To show explicitly the sharpness of the 

2.5r 




FIG. 2: We have plotted the left chiral modes for /c = c = 0.1 for several values of rj. 



localization of left chiral fermions for strong coupling, we have studied the location of the 
half value of EJl""^ with respect to the point z = 0, where the peak appears. This is plotted 
in Figure ([3]). Note that as r] increases this location shifts towards the brane at 2; = 0. 
That implies that the left chiral mode is getting more more localized indicating a stronger 
confinement of the left chiral mode on the standard model brane. 
Similarly, the solution for right mode becomes 

2r]VQ 1 / , f kz^ 



^r{z) = Nr sech (kz) exp 



-1 , / ^-2 

, tan tanh — 

k V V 2 



(4.6) 




FIG. 3: Location of the half value of ^^"-^ is plotted with respect to r] 



where the normalization constant N^ 



Bli-M 



2riVo 



exp 



' iyVp 



tan 



(tanh(M))]) 



. We plot the right 



chiral modes in the Figure (jl]). From the figure (jlj) we see that the maximum value of the 




FIG. 4: Right chiral modes are plotted with k = 0.2 and c = 0.1 for different values of rj. 



right mode depends on rj. As rj increases, the z value at which E,r becomes maximum shifts 
away from the brane at 2; = 0. Further, as 77 increases, the maximum value of the right 
mode first decreases with increasing rj and then it increases. We have shown this in figure 
([5]) This clearly depicts that with increasing value of r] the left chiral mode becomes more 
and more localized on our standard model brane, the right chiral mode on the other hand 
peaks further away from the SM brane and gets delocalized. 
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FIG. 5: Maximum value of S^r plotted with respect to rj. 
V. MASSIVE MODE 

From the discussion of the massless modes , we have seen that depending on the choice 
of couphng parameter the left mode gets locahzed at the SM brane whereas the right mode 
shifts away from the brane. Of course, when this parameter is zero, both left and right 
mode solutions become identical and both modes get localized at the SM brane. In this 
section we turn our attention to the Kaluza-Klein tower of fermions. For an axisymmetric 
warped brane solution in 6D minimal gauged super gravity it has been shown that the entire 
KK tower gets localized on the neagtive tension brane 18|]. However, the codimension two 
defects allow the KK mass gap to remain finite even in the infinite volume limit keeping the 
modes hidden from present day experiments. 

Let us now find out what happens to the massive KK modes in our case. From the 
equations (13. 7p and (13.81) . using the rescaling ^l^r = e~^^^'^^L,B., we find that both ^l and ^r 
satisify the same equation which is given as, 

^2 P 



CU^) + 



h sedi^ikz) 

4 



ni 



2t/2 



- ^ - ^^^0 



Bl 4 



iiA^) = 



(5.1) 



As the massive states are no longer chiral we therefore subesequently drop the indices L and 
R from the wave function and express it as ^{z). The equation of the massive modes given 
in (15.11) can be reduced to an effective Schrodinger equation problem where the KK modes 
experience an effective potential having the following form. 

^2 e 



u, 



eff 



m 



- — - vVo' sech' {kz 



(5.2) 



Note that the form of the above potential is like the Posch- Teller potential. The exact 



10 



solutions of the massive modes can therefore be written as 



^{z) = sech\kz) ^Fi 



e — s, e + s + 1, e + 1, -(1 — tanh(A;2;)) 



(5.3) 



where 



2 
1 
2 



-1 



ir^<i-T-'« 



(5.4) 



The mass spectrum can be obtained easily from the requirement that the wave function 
must be well behaved on the brane. The possible values of the masses for these modes are 
found to be, 



m^ 



2t/2i 



B'^[k\n' + 2n+l)+7]'Vo 



(5.5) 



where n=l,2,3,.... 

It can be clearly seen from the above expression that the mass squared gap depends linearly 

on n which is given as, 

Ami = Blk'^[2n + 3] (5-6) 

Now plugging in the value of B^ in the above expression and noting that k and Vq ~ Mp, we 
find TTin ~ TeV. Thus all the massive modes have mass of the order of TeV. This apparently 
raises hope to find signatures of such modes in the forthcoming TeV scale experiments at 
LHC To address this issue we now explore whether these massive modes are localized on 
the SM brane. We draw the behaviour of some wave functions below. It is clearly depicted 
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FIG. 6: Different modes of massive fermions has been plotted for n = 1, 3 and 5. 

in Fig. ([6]) that the wave functions of all such massive fermion modes peak away from the 
standard model (TeV) brane belying all hopes to find their signature on the TeV brane. 
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VI. CONCLUSION 

Extending the earlier work [1^, where the 4-brane tension for the two branes at y = 
and y = IT were shown to be dependent on the orbifolded co-ordinate z, we have shown 
that such a brane tension actually plays the role of a scalar field distribution and help to 
localize one of the chiral modes on the TeV 3-brane. Thus one does not need to invoke some 
external scalar field by hand to achieve the localization. Thus the consistency requirement 
of the theory itself provides a mechanism for chirality preferential localization. The exact 
dependence of the wavefunction for the two different chiral modes have been shown with 
respect to their coupling with the equivalent scalar field distribution originated from the 
brane tension. It is found that with increasing strength of this coupling we get the desired 
feature of localization of the left chiral mode on our brane while the right chiral mode peaks 
away from us. In addition we have also shown that all the massive fermion KK modes have 
masses of the order of TeV but the wave functions for these massive modes are not localised 
on the TeV 3-brane making them imperceptible on the TeV brane. This work therefore 
offers a mechanism to localize only the massless fermions with a definite chirality on the 
visible 3-brane through multiple warping in a higher dimensional space-time. 
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